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1991 $P=(I+S)$ [1], $S$ $A$ –
-1 . Gauss-Seidel $T_{S}$ $A=I-L-U$
,
$T_{S}=(I-L-SL)^{-1}(U-s+SU)$ , (2)
L , $L,$ $U$ -A , . (2)














$T_{\Omega}=(I-\Omega L)^{-}1\{(I-\Omega)+\Omega U\}$ .
*




(1) $P=(I+U)$ Gauss-Seidel [2],
u $=$ $(I - D - L - E)^{-1}(F+U^{2})$ , (6)
, $D,$ $E,$ $F$ UL=D+E+F , , .
4
$\alpha_{i},$












$T_{\alpha}=(I-(I+\alpha S)L)-1[\{I-(I+\alpha S)\}+(I+\alpha S)U]$ ,
$T_{\beta}=(I-\beta D-L-\beta E)^{-1}\{(I+\beta U)U-\beta U+\beta F\}$ .
. $[3][4|$ .
.
1 $\tilde{A}=\tilde{D}-\tilde{E}-\tilde{F}$ Z . ,D\tilde , $\tilde{E},\tilde{F}$ A\tilde
, . Gauss-Seidel T
$\rho(\tilde{T})\leq\max\frac{\tilde{f_{i}}}{\tilde{d}_{i}-\tilde{e}_{i}}i$
. 2 $\tilde{d}_{i},\tilde{e}_{i},\tilde{f_{i}}$ , $\tilde{E}_{f}\tilde{F}$ $i$ .
4.1 $(I+\alpha S)$
$A(\alpha)=(I+\alpha S)A$ . $A(\alpha)=D(\alpha)-E(\alpha)-F(\alpha)$





$a_{ij}-\alpha_{i}aii+1ai+1j$ , $1\leq i<n$ ,
$a_{nj}$ . $i=n$
(.7)
, $A$ $\mathrm{Z}$-matrix ,





















$p_{i}+..qi+r_{i}=a_{i}i+1 \sum_{=j1}ai+1j\leq 0$ , $1\leq i<n$ .
, $i<n$ $a_{ii+1}\neq 0$ $\sum_{j=1i}^{n}a+1j<0$
$l$
$p_{i}+q_{i}+r_{i}<0$ , for some $i<n$ . (9)
2 $A$ 1 matri $\Sigma_{j=1}^{n}a_{n}j>0$
. , $i<n \text{ }\Sigma_{j}n\text{ }=1a_{i}j--_{0}\text{ }\sum^{n}j=1+j>0a_{i1}$ .
$A(\alpha)$ $Z$-matr $0\leq\alpha_{i}\leq 1(1\leq i<n)$ \rho (T(\alpha )) $<1$
.
33
. $d(\alpha)_{i},$ $l(\alpha)_{i},$ $u(\alpha)_{i}$ $D(\alpha),$ $L(\alpha)$ , $U(\alpha)$ $i$ .
, ,
$d(\alpha)_{i}$ $=$ $\overline{a}_{ij}=1-\alpha_{i}p_{i}$ , $1\leq i\leq n$ ,
$l(\alpha)_{i}$ $=$ $- \sum_{j=1}^{i-}\{\overline{a}ij\}=l_{i}+1.\alpha iq_{i}$ , $1\leq i\leq n$ , (10)
$u(\alpha.)_{i}$
$=$ $-$ $j=i+ \sum_{1}^{n}\{\overline{a}ij\}=ui+\alpha ir_{i}$ , $1\leq i\leq n$ ,
, $l_{i}$ , u, $A=I-L$ –U $L$ , U $i$ . (8)
$A$ $\mathrm{Z}$-matrix , ,
1 – $\alpha_{i}a_{ii+1}ai+1j>0$ , for $j=i$ ,
$-(a_{ij} - \alpha_{i}a_{ii1}+\sum^{i}a_{i+}1k)k=1-1\geq 0$ , for $i>j$ .
$-[(1- \alpha_{i})a_{i}j-\alpha iaii+1\sum_{=ki+2}ai+1k]n\geq 0$, for $i<j$ .
, $l(\alpha)_{i}\geq 0,$ $u(\alpha)_{i}\geq 0$ $A(\alpha)$ Z-matrix .
, (9) , ,
$d(\alpha)_{i}-^{\iota}(\alpha)i^{-u}(\alpha)_{i}=(d_{i}-\iota_{i}-u_{i})-\alpha_{i}(pi+q_{i}+r_{i})>0$ , for all $i$ . (11)
, $A(\alpha)$ . $u(\alpha)_{i}\geq 0$ , ,
$d(\alpha)_{i}-l(\alpha)i>u(\alpha)_{i}\geq 0$ , for all $i$ .
, ,
$\frac{u(\alpha)_{i}}{d(\alpha)_{i^{-}}\iota(\alpha)_{i}}<1$ . (12)
, 1 $\rho(T(\alpha))<1$ $\blacksquare$
3 $A$ 2 . $\alpha_{i}’=\frac{1-l_{i^{-u_{i}}}-2a_{i}i+1}{p_{i}+q_{i}+ri-2a_{ii+1}}(1\leq i<n)$
. $\alpha_{i}’>1$ , $A(\alpha)$ , $1\leq\alpha_{i}<\alpha_{i}’$
$\rho(T(\alpha).)<1$ .





, for $1\leq i<n$ , (13)
34
, $p_{i}+q_{i}+r_{i}<0$
$1-l_{i}-u_{i}-2a_{i}i+1>p_{i}+q_{i}+r_{i}-2a_{ii+1}>0$ , for $1\leq i<n$ ,
. ,
$\frac{1-l_{i}-u_{i}-2aii+1}{p_{i}+q_{i}+r_{i}-2aii+1}>1$ , for $1\leq i<n$ .
$\alpha_{i}’>1(1\leq i<n)$ .
$\overline{u}(\alpha)_{i}=\sum_{j=i+1}|a_{ij}-\alpha_{i}a_{i}i+1ai+1j|$
, for $1\leq i<n$
. $\alpha_{i}>1(1\leq i<n)$ ,
$\overline{u}(\alpha)_{i}$ $=$
$|(1- \alpha_{i})a_{ii+1}|+j\sum_{=i+2}|a_{i}j-\alpha ia_{i}i+1ai+1j|$
$=$ $(1- \alpha_{i})a_{ii}+1^{-}\sum j=i+2n\{a_{ij}-\alpha_{i}a_{i}i+1a_{i}+1j\}$
$=$ 2 $(1- \alpha_{i})aii+1-ji+1\sum_{=}^{n}\{a_{ij}-\alpha_{i}a_{ii}+1ai+1j\}$
$=$ $(u_{i}+2aii+1)+\alpha_{i}(r_{i}-2aii+1)\geq 0$. (14)
(10), (14) $1\leq\alpha_{i}<\alpha_{i}’(1\leq i<n)$ ,
$d(\alpha)_{i}-l(\alpha)_{i}-\overline{u}(\alpha)_{i}$ $=$ $(1-l_{i})-\alpha i(pi+qi)-(u_{i}+2a_{ii}+1)-\alpha_{i}(r_{i^{-2}}a_{ii+1})$
$=$ $(1-\iota_{i}-u_{i}-2aii+1)-\alpha i(pi+q_{i}+r_{i}-2aii+1)>0$ .
, $A(\alpha)$ . ,
$\rho(T(\alpha))\leq\frac{\overline{u}(\alpha)_{i}}{d(\alpha)_{i^{-}}\iota(\alpha)_{i}}<1$, for $1\leq\alpha_{i}\leq\alpha_{i}’(1\leq i\leq n)$ .
, 1 $1\leq\alpha_{i}<\alpha_{i}’(1\leq i<n)$ \rho (T(\alpha )) $<1$ . $\blacksquare$
42 $(I+\beta U)$
$A_{\beta}=(I+\beta U)A$ . $A_{\beta}=D_{\beta}-L_{\beta}-U_{\beta}$ .
, $D_{\beta},$ $-L_{\beta},$ $-U_{\beta}$ A\beta , .
, $A_{\beta}$ . .
$a_{ij}- \beta_{i}k=i\sum_{:}^{n}+1a_{ik}Qkj$ , (15)






$z_{i}^{a}= \sum_{+j=i1=}^{n}\sum a_{i}ki+1nka_{kj}$ .
35
4 $A$ Z . $i=n$ .
, i $<n$ , $a_{il}\neq 0$ $\Sigma_{j=1}^{n}a\iota j\neq 0$ $l>i$
. ,0 $\leq x_{i}^{a}<1,$ $y_{i}^{a}\geq 0,$ $z_{i}^{a}<0,$ $x_{i}^{a}+y_{i}^{a}+\mathcal{Z}^{a}<i\mathrm{o}$ .
, $.i<$ $n-1$
$0\leq a_{ik}a_{kj}\leq|a_{kj}|\leq 1$ , $k=i+1,$ $\ldots,$ $n-1,j=1,$ $\ldots,$ $i$
,
$0\leq ainanj<|anj|<1$ , $i.\geq j$
. ,i $\geq j$ :
$0 \leq\sum_{+k=i1}^{n}a_{i}kakj<\cdot\sum_{ik=+1}^{n}|akj|\leq 1$ (16)






$k= \sum_{+,k\neq i\iota 1}^{n}aik\sum_{=j1}^{n}akj<0_{\blacksquare}$.
5 $A$ Z .i $=n$ .
, i $<n$ ,a,1\neq 0 $\Sigma_{j=1}^{n}a\iota_{j}\neq 0$ $l>i$
. ,0 $<\beta_{i}\leq 1$ $A_{\beta}$ Z $f\rho(T_{\beta})<1$ .
$l_{i},$ $u_{i},$ $d_{\beta,i},$ $\iota_{\beta,\rho,i}i,$$u$ $L,$ $U,$ $D_{\beta},$ $L_{\beta}$ , U\beta $i$ . (15)
.
$d_{\beta,i}$ $=$ $1- \beta i\sum_{k=i+1}n$ aikaki $=1-\beta ix^{a}i$ ’ (17)
$l_{\beta,i}$ $=$ $- \sum_{j=1}^{i-1}\{a_{ij}-\beta_{i}k=i+1\sum aika_{kj\}=}nli+\beta_{i}y_{i}a$, (18)
$u_{\beta,i}$ $=$ $- \sum_{j=i+1}^{n}\{a_{ij}-\beta_{i}\sum^{n}aika_{kj}k=i+1\mathrm{I}=ui+\beta i\mathcal{Z}_{i}^{a}$. (19)
4 ,0 $<\beta_{i}\leq 1$ A\beta ,
$1- \beta i\sum_{k=i+1}a_{ik}aki=1-\beta iX_{i}^{a}.>0$ ,
36
,$a_{ij}- \beta_{i}k\sum_{=i+1}a_{ik}akj\leq 0$ ,
. , $l_{\beta,i}\geq 0,$ $u_{\beta,i}\geq 0$ $A_{\beta}$ $\mathrm{Z}$ . , 4
$d_{\beta,i}-l_{\beta,i}-u_{\beta,i}=(1-l_{i}-u_{i})-\beta i(x^{a}. +i.y^{a}i+z^{a})\prime i>0$ (20)
. , $A_{\beta}$ $\mathrm{Z}$ . $j$ , (20) $u_{\beta,i}\geq 0$
$d_{\beta,i}-\iota_{\beta,i}>u_{\beta,i}\geq 0$ ,
. $\frac{u_{\beta,i}}{d_{\beta,i}-l_{\beta,i}}<1$ ,
. , 1 $\rho(T_{\beta}^{a})<1$ .
$\blacksquare$
6 $A$ Z $i=n$ .
, i $<n$ ,a,l $\neq 0$ $\Sigma_{j=1}^{n}a\iota_{j}\neq 0$ $l>i$
. , $\beta_{i}’=\frac{1-\iota_{i}+u_{i}}{x_{i^{+y_{i}^{a}u}}^{a}+z^{\circ}+ii2}>1$ , $1\leq\beta_{i}<\beta_{i}’$ $A_{\beta}$
,\rho (T\beta ) $<1$ .
(20)
$(1-l_{i}-u_{i})-(x_{i}^{a}+y_{i}+aaZ)i=(1-\iota_{i}+u_{i})-(_{X^{a}+}iyi+z_{i}^{a}+2au_{i})>0$






$\langle$ $-\text{ }$ ec $‘\zeta_{D}\text{ }\beta_{i}’>1i^{\grave{\grave{\mathrm{a}}}}k\mathrm{B}\text{ }t\iota\epsilon_{)}$ .










$\geq$ $(1-l_{i})-\beta i(\prime a+y_{i}^{a}x_{i})>0$ .
37
.$\overline{u}_{\beta,i}=\sum_{j=i+1}^{n}|a_{ij}-\beta_{i}\sum a_{i}ka_{kj}|k=i+1n$ . (21)
, .




$d\rho,i^{-\iota-\overline{u}_{\beta,i}}\beta,i$ $\geq$ $(1-l_{i})-\beta i(x_{i}^{a}+y^{a}i)-\beta_{i}(2u_{i}+Z)i+au_{i}$
$=$ $(1-l_{i}+u_{i})-\beta_{i}(x_{i}^{a}+y_{i}^{a}+z_{i}^{a}+2u_{i})>0$ . (22)
,A\beta . , $\overline{u}_{\beta,i}\geq 0$
$d_{\beta,i^{-}}l\beta,i>\overline{u}\beta,i\geq 0$.
$\frac{\overline{u}_{\beta,i}}{d_{\beta,i}-l_{\beta,i}}<1$ (23)
. , 1 $1<\beta_{i}<\beta_{i}’\text{ }\rho(\text{ }a)\beta<1$
43 $\alpha_{i}$ \beta ,
\alpha ,
(14) \alpha ’ ,
$(u_{i}+2a_{ii+1})+\alpha_{i}(r_{i}-2aii+1)=0$ , $1\leq i<n$ .
,
$u_{i}+2a_{ii+1}$
$\alpha_{i}$ $=$ $1\leq i\leq n-1$ (24)
2 $a_{ii+1^{-r_{i}}}$ ’
A
, A . $i<n$ ,
$\max_{i}\frac{\overline{u}_{\beta,i}}{d_{\beta,i^{-\iota_{\beta,i}}}}$
38
. , . , $\overline{u}_{\beta,i}$ .
(21) ,
$0\leq\beta_{i}\leq 1$ :
$\overline{u}_{\beta,i}$ $=$ $j=i \sum_{+1}^{n}|(1-\beta_{i})a_{ij}-\beta_{i}\sum^{n}aika_{kj}|k=i+1,k\neq j$
$=$ - $j=i \sum_{+1}^{n}\{(1-\beta i)aij-\beta ik=i+1,k\sum^{n}\neq ja_{i}ka_{k}j\}$
$=$ $- \sum_{j=i+1}^{n}\{a_{ij}-\beta i---=i+1\sum_{k}^{n}aika_{k}j1$ . .
$=$ $u_{i}+\beta_{i}Z_{i}^{a}...\cdot.\cdot$ . (25)
.
$\wedge\geq 1$ :
$\overline{u}_{\beta,i}$ $=$ $j=i \sum_{+\mathrm{I}}^{n}|(1-\beta_{i})a_{ij}-\beta i\sum_{kk=i+1,\neq j}^{n}a_{ik}a_{kj}|$
$\geq$ $j=i \sum_{+1}^{n}\{|(1-\beta_{i})aij|-|\beta_{i}\sum_{k=i+1,k\neq j}na_{ik}a_{kj}|\}$
$=$ $(1- \beta_{i})ji+\sum_{=1}^{n}a_{ij}-\beta i\sum_{=ji+1k=i+}^{n}\sum_{1,k\neq j}aika_{kj}n$
$=$ $-u_{i}-\beta_{i^{Z_{i}}}a$ . (26)




, $i<n$ $|z_{i}^{a}(1-l_{i}+u_{i})+u_{i}(x_{i}^{a}+y_{i}^{a}+z_{i}^{a})|>2u_{i}u_{i}$ ,
$\mathrm{A}=-\frac{u_{i}}{z_{i}^{a}}$ (22) . .
1. $i<n$ $z_{i}^{a}=\Sigma_{j}^{n}=i+1\Sigma_{k}^{n}=i+1aika_{k}j$ .











$\cdot.c_{3}c_{1}c_{1}.\cdot 1.\cdot$ $.c_{1}c_{2}c_{3}c_{1}.1^{\cdot}$ ),
$c_{1}= \frac{-1}{n},$ $c_{2}= \frac{-1}{n+1}$ and $c_{3}= \frac{-1}{n+2}$ . $10E-6$ ,
. Gaussian Elimination SOR Table 1’ .
, . ,
, model $Q=(I+\beta U)$
, \beta . , –
$\mathrm{Z}$-matrix , $(I+\beta U)$ \beta 6
.
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